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RIGIDITY THEOREM FOR A STATIC TRIPLE WITH
HALF HARMONIC WEYL CURVATURE
LI CHEN AND XI GUO
Abstract. In this paper, we prove that the static triple (M4, g, V )
with δW± = 0 and positive scalar curvature must be the standard hemi-
sphere.
2000 Mathematics Subject Classification: 53C24, 53C25.
1. Introduction
Let (Mn, g) be a n-dimension complete Riemannian manifold. A static
potential is a non-trivial solution V ∈ C∞(M) to the equation
(1.1) HessV −△V g − V Ric = 0.
In fact, the equation (1.1) was originally derived from the linearization of
the scalar curvature equation. SupposeM is a compact manifold, we denote
G be the space of smooth Riemannian metrics on M . It is known that the
scalar curvature R can be consider as a mapping R : G → C∞(M). Then
the derivative dR at g is given by
(1.2) dRg(h) =
d
dt
∣∣∣
t=0
Rg+th = div
2
gh−△trgh− 〈Ric, h〉g .
Using Stokes’ theorem, the L2-adjoint operator dR
∗
g of dRg with respect to
the canonical L2-inner product defined by g is
(1.3) dR∗g(V ) = HessgV −△gV − V Ric.
So if (M,g) admit a static potential, then g is a singular point of the mapping
R.
Definition 1.1 ( [1]). A static triple is a triple (M,g, V ) consisting of a
connected n-dimensional smooth manifold M with boundary ∂M (possibly
empty), a complete Riemannian metric g on M and a static potential V ∈
C∞(M) that is non-negative and vanishes precisely on ∂M . Two static
triples (Mi, gi, Vi), i = 1, 2, are said to be equivalent when there exists a
diffeomorphism φ :M1 →M2 such that φ∗g2 = cg1 for some constant c > 0
and V2 ◦ φ = λV1 for some constant λ > 0.
In [8], Kobayashi gave all examples of connected complete conformally
flat Riemannian manifold which admits a non-trivial solution to (1.1). We
state Theorem 3.1 of [8] in the case of positive scalar curvature in dimension
4.
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Theorem 1.1 ( [8]). Let (M4, g, V ) be a static triple with scalar curvature
12. If (M,g) is locally conformally flat, then (M4, g, V ) is covered by a static
triple that is equivalent to one of the following:
i) The standard hemisphere (S4+, g0, V = x4).
ii) The standard cylinder over S3 with the product metric,
(
[0,
pi
2
]× S3, g = dt2 + 1
2
g0, V =
1
2
sin2t
)
.
iii) For some m ∈ (0, 1√
3
),
(
[rh(m), rc(m)]× S3, g = dr
2
1− r2 − 2m
r2
+ r2g0, V =
√
1− r2 − 2m
r2
)
where rh(m) < rc(m) are the positive zeroes of V. Here a static triple
(M˜, g˜, V˜ ) covers a static triple (M,g, V ) when there exists a covering map
pi :M →M such that g˜ = pi∗g and V˜ = pi ◦ V .
Motivated by the work of Kobayashi and Obata [8, 10], Miao and Tam
studied the M-T metric in [11], which satisfies the equation
(1.4) HessgV −△gV − V Ric = g,
under Einstein or locally conformally flat assumptions. While inspired by
the trend developed by Cao and Chen in [5], Barros, Diogenes and Ribeiro
weaken the assumption [2]. They proved that for a Bach-flat simply con-
nected, compact manifold with M-T metric, if its boundary isometric to a
standard sphere S3, then it should isometric to a geodesic ball in a simply
connected space form.
In fact, it is well-known that on four-dimensional manifoldM4 the bundle
of two-forms splits Λ2 = Λ2+ + Λ
2− into the +1-eigenspace of the Hodge ∗-
operator (self-dual two-forms) and −1-eigenspace (anti-self-dual two-forms).
Then the Weyl curvature tensor W = W+ +W−, where W± : Λ2± → Λ2±.
and we say W± is harmonic if δW± = 0, where δ is the divergence. In [14],
J. Wu, P. Wu and Wylie proved that a four-dimensional gradient shrinking
Ricci soliton with δW± = 0 is either Einstein, or a finite quotient of S3×R,
S
2×R2, or R4. Inspired by their work, we consider the 4-dimensional static
triple with δW± = 0 , our main results are the following.
Theorem 1.2. Let (M4, g, V ) be a compact simply connected static triple
with positive scalar curvature and δW± = 0. If the boundary isometric to a
standard sphere S3, then (M4, g, V ) is equivalent to the standard hemisphere
(S4+, gcan, V = x4).
Theorem 1.3. Let (M4, g, V ) be a compact connected static triple with pos-
itive scalar curvature and δW± = 0. If M has 2 connected components and
each connected component of ∂M is isometric to a sphere, then (M4, g, V )
is covered by ii) or iii) in Theorem 1.1.
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2. Preliminaries
2.1. Setting and General facts.
For later convenience, we first state our conventions on Riemann Curva-
ture tensor and derivative notation. LetM be a smooth manifold and g be a
Riemannian metric onM with Levi-Civita connection ∇. For a (s, r)-tensor
field α on M , its covariant derivative Dα is a (s, r+1)-tensor field given by
∇α(Y 1, .., Y s,X1, ...,Xr ,X)
= ∇Xα(Y 1, .., Y s,X1, ...,Xr)
= X(α(Y 1, .., Y s,X1, ...,Xr))− α(∇XY 1, .., Y s,X1, ...,Xr)
−...− α(Y 1, .., Y s,X1, ...,∇XXr),
the coordinate expression of which is denoted by
∇α = (αl1···lsk1···kr,kr+1).
We can continue to define the second covariant derivative of α as follows:
∇2α(Y 1, .., Y s,X1, ...,Xr ,X, Y ) = (∇Y (∇α))(Y 1, .., Y s,X1, ...,Xr ,X),
the coordinate expression of which is denoted by
∇2α = (αl1···ls
k1···kr,kr+1kr+2).
In particular, for a function u : M → R, we have the following important
identity
∇2f(X,Y ) = Y X(f)− (∇YX)f.
Similarly, we can also define the higher order covariant derivative of α:
∇3α = ∇(∇2α), ...,
and so on. Our convention for the Riemannian curvature (3,1)-tensor Rm
is defined by
Rm(X,Y )Z = −∇X∇Y Z +∇Y∇XZ +∇[X,Y ]Z.
By picking a local coordinate chart {xi}ni=1 of M , the component of the
(3,1)-tensor Rm is defined by
Rm
(
∂
∂xi
,
∂
∂xj
)
∂
∂xk
= R lijk
∂
∂xl
and Rijkl
.
= glmR
m
ijk . Ricci curvature and scalar curvature are given by
Rik
.
= R jijk and R
.
= Rikg
ik respectively. Then, we have the standard
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commutation formulas (Ricci identities):
(2.1)
αl1···ls
k1···kr, ji − α
l1···ls
k1···kr, ij =
r∑
a=1
R mijka α
l1···ls
k1···ka−1mka+1···kr
−
s∑
b=1
R lbijm α
l1···lb−1mlb+1···lr
k1···kr ,
where αl1···lsk1···kr, ji denote the second covariant derivative of the tensor α
l1···ls
k1···kr .
And the Weyl curvature tensor of (M,g) is defined by
(2.2) Wijkl = Rijkl − (Pikgjl − Pilgjk + Pjlgik − Pjkgil),
where P is Schouten tensor given by
(2.3) Pij =
1
n− 2(Rij −
R
2(n− 1)gij).
2.2. a static triple.
Lemma 2.1. [4, 6] The static equation (1.1) is equivalent to the equations
HessV = V (Ric− λg),(2.4)
△V = −λV.(2.5)
where the scalar curvature R = (n − 1)λ is constant. Moreover, if (M,g)
admits a static potential V ∈ C∞(M), then
i) 0 is a regular value of V;
ii) V = 0 is totally geodesic;
iii) |∇V | is locally constant and positive on {V = 0}.
So without loss of generality, when n = 4, we assumeR = 12 and |∇V | = 1
on {V = 0}. In this case, the static equation (1.1) equivalent to
HessV = V (E − g),(2.6)
△V = −4V.(2.7)
where E = Ric − R
n
g is the Einstein tensor. We introduce the covariant
3-tensor Tijk (see (2.12) in [2]):
Tijk =
n− 1
n− 2(VkRij − VjRik)−
R
n− 2(gijVk − gikVj)
+
1
n− 2(V
sRksgij − V sRjsgik),
which can be written as
(2.8) Tijk =
n− 1
n− 2(VkEij − VjEik) +
1
n− 2(V
sEksgij − V sEjsgik).
Remark 2.1. The indices of the tensor T above is different with the one
in [2]. It is important to highlight that Tijk was defined similarly to the
tensor D in [5].
RIGIDITY THEOREM FOR A STATIC TRIPLE WITH HALF HARMONIC WEYL CURVATURE5
For convenient, now we omit the summation and identification through
the duality defined by metric, e.g. Wsijk,s stands for
∑
sW
s
ijk,s.
Lemma 2.2. When n = 4, if (M,g, V ) is a static triple, then
(2.9) Tijk = VsWsijk + 2VWsijk,s.
The proof is easy, we omit it here.
2.3. Half Weyl curvature.
For a 4-dimension Riemannian manifold, let {e1, e2, e3, e4} be an orthonor-
mal basis of TM , for any pair (ij), 1 ≤ i < j ≤ 4, denote (i′j′)to be the
dual of (ij), i.e., the pair such that ei ∧ ej ± ei′ ∧ ej′ ∈ Λ2±. In other
words, (iji′j′) = σ(1234) for some even permutation. It is well known that
Wijkl =Wi′j′k′l′ , then
W±ijkl =
1
2
(Wijkl ±Wijk′l′).
And we have the following Weitzenbock formula (See (16.73) in [3]).
Proposition 2.1. [3] Every orient Riemannian 4-manifold with δW± = 0
satisfies
(2.10) △|W±|2 = 2|∇W±|2 +R|W±|2 − 144 detW±.
Remark 2.2. The defintion of |W±| in [3] is 14
∑
ijkl(W
±
ijkl)
2, and in our
paper is
∑
ijkl(W
±
ijkl)
2. Besides the laplacian differs from Besses by a sign.
And likely in [14], we also define
(2.11) T±ijk = VsW
±
sijk + 2V W
±
sijk,s.
We get the following lemmas.
Lemma 2.3. Let (M,g, V ) be a static triple, then
(2.12)
T±ijk =
3
4
(VkEij − VjEik)± 3
4
(Vk′Eij′ − Vj′Eik′)
− 1
4
(VsEsjgik − VsEskgij)∓ 1
4
(VsEsj′gik′ − VsEsk′gij′),
in particular,
(2.13) |T |2 = 2|T+|2 = 2|T−|2.
Lemma 2.4. If δW± = 0 and ∇V 6= 0 at p ∈M , then ∇V is an eigenvector
of E.
In fact, the proof of Lemma 2.3 and Lemma 2.4 is similar with Lemma
2.3 and Lemma 2.4 in [14], so we omit it here.
Lemma 2.5. If ∇V 6= 0 at p ∈ M , let e1 = ∇V/|∇V |, and choose
{e1, e2, e3, e4} be the unit eigenvectors of E. Then,
W±1212 = −14(E11 + 3E22),(2.14)
6 LI CHEN AND XI GUO
W±1313 = −14(E11 + 3E33),(2.15)
W±1414 = −14(E11 + 3E44).(2.16)
And W±1i1k = 0, if i 6= k.
Proof. For δW± = 0, from (2.11), we have
(2.17) T±ijk = |∇V |W±1ijk.
Let i = k = 2 and j = 1, then j′ = 3, k′ = 4. By (2.12),
(2.18)
T±212 =|∇V |W±1212
=
3
4
(−|∇V |E22)− 1
4
(|∇V |E11).
And by a similar argument we get (2.15) and (2.16). If j = 1 and i 6= k,
then j′ 6= 1, k′ 6= 1, so
T±
i1k = |∇V |W±1i1k = 0.

We will use the orthonormal basis above on the rest part of the paper.
For convenient, we denote λ1 = W
±
1212, λ2 = W
±
1313, λ3 = W
±
1414. From
Lemma 2.5, we get
(2.19)
|W±|2 =16(λ21 + λ22 + λ23)
=(E11 + 3E22)
2 + (E11 + 3E33)
2 + (E11 + 3E44)
2
=9|E|2 − 12E211.
3. Some lemmas
Lemma 3.1. Let (M4, g, V ) be a static triple with scalar curvature 12 and
δW± = 0. If ∂M is isometric to a standard sphere S3, then W± = 0 on
∂M .
Proof. We assume that ∂M has constant sectional curvature K, since it is
isometric to a standard sphere S3. For ∂M = {p ∈M : V (p) = 0}, then ∂M
is totally geodesic. So from Gauss equation and Codazzi equation, we know
Rijkl = K(δikδjl − δilδjk),(3.1)
R1ijk = 0(3.2)
for i, j, k, l > 1. Then,
12 = R = R11 +R22 +R33 +R44
= R11 +R1212 + 2K +R1313 + 2K +R1414 + 2K
= 2R11 + 6K,
which implies
(3.3) E11 = 3− 3K.
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For
R22 = R1212 +R3232 +R4242,
we have
R1212 = E22 + 3− 2K,
which implies
W1212 = R1212 − 1
2
(E11 +E22)− 1
=
1
2
(E22 − E11) + 2− 2K.
Then
(3.4) W±1212 =
1
2
W1212 =
1
4
(E22 − E11) + 1−K.
Combining (2.14) with (3.4), we get
E22 = K − 1.
Then, using (3.3), we obtain W±1212 = 0. With a same argument, we know
W±1313 =W
±
1414 = 0. Then we finish the proof. 
Lemma 3.2. Let (M4, g, V ) be a static triple with scalar curvature 12 and
δW± = 0, then the following equations hold:
(3.5) |W±|2Vl + 12VjEikW±jilk = 0,
(3.6) Eik,jW
±
ijkl = 0,
and
(3.7) 〈∇|W±|2,∇V 〉 − 4V |W±|2 + 12V EjlEikW±ijkl = 0.
Proof. If ∇V = 0, then (3.5) holds true. If ∇V 6= 0, to prove (3.5), we just
need to check
|W±|2V1 + 12V1EikW±1i1k = 0
and
V1EikW
±
1ilk = 0 for 2 ≤ l ≤ 4,
which are equivalent to
EikW
±
1i1k = −
1
12
|W±|2
and
EikW
±
1ilk = 0 for 2 ≤ l ≤ 4.
We know from Lemma 2.5
EikW
±
1i1k = EiiW
±
1i1i
= −1
3
(4W±1i1i + E11)W
±
1i1i
= − 1
12
|W±|2
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and
EikW
±
1i2k
= E33W
±
1323 + E44W
±
1424
= ±E33W±1314 ± E44W±1431 = 0.
Similarly, we have EikW
±
1i3k = EikW
±
1i4k = 0. So we finish the proof of (3.5).
Furthermore, since VijkW
±
ijkl = 0, we get from the equation (2.4)
VsRsikjW
±
ijkl = (Vikj − Vijk)W±ijkl = VikjW±ijkl
= V Eik,jW
±
ijkl + VjEikW
±
ijkl,
which implies in view of the definition of W ,
(3.8) V Eik,jW
±
ijkl
= VsWsikjW
±
ijkl
− 3
2
VjEikW
±
ijkl
.
By a direct calculation,
WsikjW
±
ijkl =−WskjiW±ijkl −WsjikW±ijkl
=−WijksW±ijkl −WsikjW±ijkl.
It is known that a symmetric linear transformation on the space of 2-forms
Λ2 commutes with the Hodge star ∗ if and only if its Ricci contraction is
proportional to g (see [9] or Theorem 1.3 in [12]). Since W± commutes with
the Hodge star ∗, hence, so does W± ◦W±. Thus we have
WijksW
±
ijkl =W
±
ijksW
±
ijkl =
|W±|2
4
gls,
then
(3.9) WsikjW
±
ijkl = −
|W±|2
8
gls.
Taking the equation above into (3.8) arrives
V Eik,jW
±
ijkl = −
|W±|2
8
Vl − 3
2
VjEikW
±
ijkl = 0.
So (3.6) holds when V 6= 0. Since for static triple V vanish on ∂M , so from
Lemma 3.1 we knowW± = 0. Then (3.6) holds when V = 0. At last, taking
divergence on both sides of (3.5), we have (3.7). 
Lemma 3.3. Let (M4, g, V ) be a connected complete static triple with scalar
curvature 12 and δW± = 0. If ∇V 6= 0 at p ∈M , then we have at p
(3.10) EjlEikW
±
ijkl =
4
3
detW± − 2
9
E11|W±|2.
Proof. If ∇V 6= 0, then we have
EjlEikW
±
ijkl
= EiiEjjW
±
ijij
= 2E11
∑
i 6=1
EiiW
±
1i1i + 2
∑
1<i<j
EiiEjjW
±
ijij.
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From Lemma 2.5 , we have∑
i<j
EiiEjjW
±
ijij
= E22E33W
±
1414 + E22E44W
±
1313 + E33E44W
±
1212
=
1
9
[(4λ1 + E11)(4λ2 +E11)λ3 + (4λ1 + E11)(4λ3 + E11)λ2
+(4λ2 + E11)(4λ3 + E11)λ1]
=
2
3
detW± − 1
36
E11|W±|2
in view of λ1 + λ2 + λ3 = 0. Thus (3.10) holds. 
Lemma 3.4. Let (M4, g, V ) be a connected complete static triple with scalar
curvature 12 and δW± = 0. If W± = 0 on ∂M , then
(3.11)
∫
M
V (7|W±|2E(∇V,∇V )− 24|∇V |2 detW±)dv
=3
∫
M
V |W±|2|∇V |2dv.
Proof. Since W± = 0 on ∂M , then we have by the divergence theorem
together with (3.5) and (3.6)
0 = 12
∫
M
(|∇V |2VjEikW±ijkl),ldv
= 12
∫
M
|∇V |2VjlEikW±ijkldv − 2
∫
M
|W±|2∇2V (∇V,∇V )dv.
Thus, we have by the equation (2.4)
12
∫
M
|∇V |2(Ejl − gjl)EikW±ijkldv = 2
∫
M
|W±|2(E(∇V,∇V )− |∇V |2)dv.
Then, noticing that EiiW
±
ijij = 0, we get from Lemma 3.3∫
M
V (16|∇V |2 detW± − 8
3
E(∇V,∇V )|W±|2)dv
= 2
∫
M
V |W±|2(E(∇V,∇V )− |∇V |2)dv.
Thus (3.11) holds. 
Lemma 3.5. Let (M4, g, V ) be a connected complete static triple with scalar
curvature 12 and δW± = 0. If W± = 0 on ∂M , then
(3.12)
2
∫
M
V |W±|2E(∇V,∇V )dv
=−
∫
M
V 3|E|2|W±|2dv −
∫
M
V 2E(∇|W±|2,∇V )dv.
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Proof. SinceW± = 0 on ∂M , it can be easily get by the divergence theorem
(3.13)
∫
M
V |W±|2EijViVjdv
=−
∫
M
(V |W±|2EijVi),jV dv
=−
∫
M
V |W±|2EijViVjdv −
∫
M
V 3|E|2|W±|2dv
−
∫
M
V 2E(∇|W±|2,∇V )dv
in view of Eij,j = 0. 
Lemma 3.6. Let (M4, g, V ) be a connected complete static triple with scalar
curvature 12 and δW± = 0, then∫
M
V |∇V |2|W±|2dv
=
∫
M
V 3(|∇W±|2 + 8|W±|2 − 72 detW±)dv +
∫
M
V 2〈∇V,∇|W±|2〉dv.
Proof. Using the equation (2.5), we can obtain∫
M
V |∇V |2|W±|2dv
=
∫
M
V (
1
2
∆(V 2)− V∆V )W±|2dv
=
∫
M
V
(
1
2
△(V 2) + 4V 2
)
|W±|2dv
=
1
2
∫
M
V 2△(V |W±|2)dv + 4
∫
M
V 3|W±|2dv,
where we use the Green formulas to get the last equation by V = 0 on ∂M .
So, we get the conclusion from (2.10).

4. Proof of Theorem 1.2
We denote F = 12(V
2 + |∇V |2), then differentiating it and we get by the
equation (2.4)
Fi = V EijVj .
Since Eij,i = −Rigij = 0, differentiating it again and we arrive
(4.1) △F = V 2|E|2 + E(∇V,∇V ).
in view of the equations (2.4) and (2.5). If W± = 0 on ∂M , then we get by
Green formulas∫
M
V△(F |W±|2)dv + 4
∫
M
V F |W±|2dv = 0,(4.2)
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which implies
0 =
∫
M
V
(
V 2|E|2 + E(∇V,∇V )
)
|W±|2dv + 2
∫
M
V 2E(∇|W±|2,∇V )dv
+
∫
M
V (V 2 + |∇V |2)(|∇W±|2 + 8|W±|2 − 72detW±)dv.
in view of the equation (2.10) and (4.1). Thus,
(4.3)
0 ≥
∫
M
V
(
E(∇V,∇V )|W±|2 + 8|∇V |2|W±|2
− 72|∇V |2 detW±
)
dv + 2
∫
M
V 2E(∇|W±|2,∇V )dv
+
∫
M
V 3(|E|2|W±|2 + 8|W±|2 − 72 detW±)dv.
From Lemma 3.4, we obtain∫
M
V
(
E(∇V,∇V )|W±|2 + 8|∇V |2|W±|2 − 72|∇V |2 detW±
)
dv
=
∫
M
V
(
17|∇V |2|W±|2 − 20E(∇V,∇V )|W±|2
)
dv
From Lemma 3.5, we obtain
− 20
∫
M
V E(∇V,∇V )|W±|2dv
=10
∫
M
V 3|E|2|W±|2dv + 10
∫
M
V 2E(∇V,∇|W±|2)dv.
Taking the two equations above into (4.3), we arrive
(4.4)
0 ≥
∫
M
(
17V |∇V |2|W±|2 + 12V 2E(∇|W±|2,∇V )
+ V 3(11|E|2|W±|2 + 8|W±|2 − 72 detW±)
)
dv.
Using Lemma 3.6, (4.4) becomes
(4.5)
0 ≥
∫
M
(
16V |∇V |2|W±|2 + 12V 2E(∇|W±|2,∇V )
+ V 3(11|E|2|W±|2 + 16|W±|2 − 144 detW±)
+ V 2〈∇V,∇|W±|2〉
)
dv.
If ∇V 6= 0, we have from (3.7) and Lemma 3.3,
(4.6) 〈∇|W±|2,∇V 〉 = 4V |W±|2 − 16V detW± + 8
3
V E11|W±|2,
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which implies
(4.7)
E(∇|W±|2,∇V )
=4V E11|W±|2 − 16V E11 detW± + 8
3
V E211|W±|2.
We denote by
M1 = {p ∈M,∇V (p) 6= 0}.
By Sard theorem, we know
V ol(M\M1) = 0.
So, we can get by putting (4.6) and (4.7) into (4.5)
(4.8)
0 ≥
∫
M
V 3
(
16
1
V 2
|∇V |2|W±|2
+ 48E11|W±|2 − 192E11 detW± + 32E211|W±|2
+ (11|E|2|W±|2 + 16|W±|2 − 144 detW±)
+ 4|W±|2 − 16 detW± + 8
3
E11|W±|2
)
dv.
By the inequality (3.12) in [7], we know
(4.9) |detW±| ≤ 1
24
√
6
|W±|3.
Combining with (2.19), we get
0 ≥ 16
∫
M
V |∇V |2|W±|2dv
+
∫
M
V 3|W±|2
(
11
9
|W±|2 + (48 + 8
3
)E11 + (32 +
132
9
)E211
− 8√
6
|E11||W±| − 20
3
√
6
|W±|+ 20
)
dv
≥
∫
M
V 3|W±|2
(
5
9
|W±|2 − 8√
6
|E11||W±|+ 24
5
E211)
+(
2
3
|W±|2 − 20
3
√
6
|W±|+ 25
9
)
+(
628
15
E211 +
152
3
E211 +
155
9
)
)
dv ≥ 0.
So W± = 0 if ∇V 6= 0, then we get W± = 0 on M from the continuity of
W±. By (2.13), we know T± = T = 0. Then with a similar discussion of
Lemma 4.2 in [5] (or Lemma 4 in [2]), we know W = 0, i.e. M is locally
conformally flat. Then Theorem 1.2 follows from Theorem 1.1 (Theorem 3.1
in [8]). In fact, Theorem 1.3 follows from Theorem 1.1 as well.
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